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We investigate what determines the shape of a partile ondensate in situations when it emerges
as a result of spontaneous breaking of translational symmetry. We onsider a model with partiles
hopping between sites of a one-dimensional grid and interating if they are at the same or at
neighboring nodes. We predit the envelope of the ondensate and the saling of its width with the
system size for various interation potentials and show how to tune the shape from a delta-peak to
a retangular or a paraboli-like form.
PACS numbers: 05.70.Fh, 05.40.-a, 05.70.Ln, 64.60.-i
The phenomenon of ondensation is widely spread in
nature and appears in equilibrium systems as well as in
systems driven far from equilibrium. Examples of equi-
librium ondensation are Bose-Einstein ondensation or
ertain phase transitions in quantum gravity [1℄. In non-
equilibrium systems, the ondensation manifests itself
in mirosopi (intraellular) and marosopi (highway)
tra [2℄ where it orresponds to jamming, granular ow
[3℄ and granular lustering [4℄, or gelation in networks [5℄
where a single node takes a nite fration of all links.
Many of these systems an be modeled as a set of
partiles oupying disrete levels, or boxes on a one-
dimensional grid. The balls-in-boxes model (B-in-B) [6℄,
or its non-equilibrium version, the zero-range proess
(ZRP) [7℄, are well-known examples. In these models,
the ondensation transition happens along with a spon-
taneous breaking of translational symmetry. Although
these models are more abstrat than realisti ones, they
serve as paradigms sine the stationary state an be de-
rived analytially as fully fatorizing over the sites of
the grid, or, more generally, over the nodes of an ar-
bitrary graph [8℄. The fatorization is due to ultra-loal
(zero-range) rules assumed to govern the dynamis of
partiles. This makes the phase struture of the system
aessible and enables omparison with experiments on
ondensation phenomena, at least on a qualitative level.
As a natural onsequene of the lak of interations
between partiles at neighboring sites, the ondensates
in the ZRP or B-in-B models always oupy a single site.
The question then arises how the shape of the ondensate
hanges in the presene of interations between sites that
tend to atten out the ondensate's prole but still pre-
serve translational symmetry and onserve the urrent.
In this paper we study this problem in a model similar
to the one proposed in Ref. [9℄. It is related to a solid-
on-solid (SOS) model [10, 11℄ supplied with dynamial
rules that drive the system out-of-equilibrium. Here, the
steady state fatorizes over pairs of sites whih allows for
nearest-neighbor interations while making the system
analytially solvable. We shall show that although for
a broad lass of hopping rates the ondensate beomes
extended to W ∼
√
N sites, where N is the total num-
ber of sites, it is possible to obtain any saling W ∼ Nα
with 0 ≤ α ≤ 1/2. We shall also predit the shape of the
ondensate for some speial ases. Possible appliations
to surfae siene will be mentioned in the onlusions.
We onsider a ring with N sites and M partiles of
unit mass plaed randomly on the sites. Eah site i an
arry an arbitrary number mi = 0, . . . ,M of partiles.
The dynamis is divided into two steps. As a rst step,
a partile may leave a randomly hosen site with prob-
ability u(mi|mi−1,mi+1) whih depends on the state of
neighboring sites. As a seond step, the partile hooses
a target to the right site with probability r, or to the left
one with probability 1− r. One an show [12℄ that when
the hopping rate has the form
u(mi|mi−1,mi+1) = g(mi − 1,mi−1)
g(mi,mi−1)
g(mi − 1,mi+1)
g(mi,mi+1)
,
(1)
with g(m,n) being a symmetri non-negative but other-
wise arbitrary funtion, the steady state fatorizes over
pairs of sites aording to
P (m1, . . . ,mN ) =
N∏
i=1
g(mi,mi+1)δ
(
N∑
i=1
mi −M
)
,
(2)
where the ring geometry implies mN+1 ≡ m1. The dif-
ferene as ompared to the model of Ref. [9℄ is that there
r = 1 and no assumption on the symmetry of g(m,n) was
made. The parameter r hanges only the net urrent of
partiles. When r = 1/2, the urrent is zero and the sys-
tem is in equilibrium. Sine the steady state (2) does not
depend on r, its stati properties an be alulated by
formally treating the system as if it was in equilibrium
with the probability of a mirostate given by Eq. (2).
The riterion for ondensation was analyzed in Ref. [9℄
by means of the grand-anonial partition funtion
ZN (z) =
∑
{mi}
z
∑
i
mi
∏
i
g(mi,mi+1) = TrT
N , (3)
2where Tmn ≡ z(m+n)/2g(m,n) and z is the fugaity.
ZN (z) must have a nite range of onvergene zc. The
ritial value of the density ρ = M/N then follows from
ρc = lim
N→∞,z→z−c
z
N
∂ lnZN (z)
∂z
=
∑
mmφ
2
m∑
m φ
2
m
, (4)
where φ is an eigenvetor of Tmn to the largest eigenvalue
λmax, for z = zc. At the ritial point, ZN ∼= λNmax for
large N . In what follows we assume that g(m,n) has
been resaled so that zc = 1, hene the ritial density
an be obtained by diagonalizing Tmn = g(m,n).
To investigate how the introdution of site-site intera-
tions inuenes the properties of ondensation, we stik
to the following hoie:
g(m,n) = K(|m− n|)
√
p(m)p(n). (5)
When K(x) = 1, g(m,n) fatorizes and we reover the
ZRP. Here we assume that both K(x) and p(m) are some
positive, deaying funtions of x and m, respetively.
The hoie (5) is motivated by studies on the SOS model
in the ontext of surfae roughening [10, 11℄ and orre-
sponds to the energy E = − lnK(|m−n|)−1/2(lnp(m)+
ln p(m)) of the interfae in a 1+1 dimensional surfae
(where the surfae refers to the envelope of oupation
numbers). In Ref. [9℄, the following hoie was proposed:
K(x) = e−Jx, p(m) = eUδm0 , (6)
with parameters J and U generating an eetive surfae
stiness and a pinning potential, respetively. For the
weights (6), we obtain
ρc =
eJ0 − 1
(eJ0 − e−2(J−J0))(e2(J−J0) − 1) , (7)
with J0 = U−ln(eU−1). In the limit J → J0, this agrees
with the asymptoti result in Ref. [9℄. For J = U =
1, Eq. (7) gives ρc ≈ 0.2397, whih we also onrmed
numerially. If J < J0, the ritial density is innite.
The generi ase  For the weight funtions (6), the
width W was estimated in Ref. [9℄ by a random-walk
argument to be proportional to
√
N . Here we use a dif-
ferent approah whih allows to alulate not only W
but also the envelope of the ondensate in the ase when
K(x) deays exponentially or faster in x, and p(m) → 1
for m → ∞. First of all, one annot use the partition
funtion (3), beause it is not dened in the ondensed
state. We assume, however, that the system an be split
into the ondensate whih extends overW sites oupied
by M ′ = M − Nρc partiles on the average and where
average oupation numbers 〈mi〉 grow with N , and a
uniform bakground with 〈mi〉 = ρc. Sine utuations
in the bakground are nite and have no long-range or-
relations, the massM ′ annot utuate more than ∼ √N
so that we treat it as onstant. We an therefore assume
that the probability of having the ondensate extended
to W sites fatorizes:
P (W ) ≈ Zb(W )Zc(W )
∝ exp (−W lnλmax + lnZc(W )) , (8)
where Zb(W ) = λ
N−W
max is the partition funtion (3) for
the bakground at the ritial point ρ = ρc and Zc(W ) is
the partition funtion of the ondensate extended overW
sites and having exatlyM ′ partiles. The average exten-
sion W an be determined by the maximum of Eq. (8).
Beause p(m) → 1 for large m, we an neglet the on-
tribution from p(m) to Zc(W ). We have
Zc(W ) ∼=
∑
{mk}
W+1∏
k=1
K(|mk −mk−1|)δ
(
W∑
k=1
mk −M ′
)
,
(9)
where we assumed that m0 = mW+1 = 0, beause o-
upation numbers at the boundaries are small. For large
systems, the onservation law given by the delta funtion
fores the majority of oupation numbersmk to be muh
larger than zero. We an thus extend the summation to
negativemk and hange the summation over {mk} into a
summation over {dk}, where dk = mk −mk−1. Dening
the generating funtion
G(W,~u) =
∞∑
d1=−∞
· · ·
∞∑
dW=−∞
W∏
k=1
K(|dk|)edkuk
× δ
(
−
W∑
k=1
kdk −M ′
)
δ
(
W∑
k=1
dk
)
(10)
with auxiliary elds ~u = {u1, . . . , uW }, we an rewrite
Eq. (9) as Zc(W ) ∼= G(W + 1,~0). The rst delta fun-
tion in Eq. (10) implements the mass onservation in the
ondensate, the seond delta reets xed-boundary on-
ditions. Using integral representations of both deltas, the
generating funtion (10) an be evaluated in the saddle
point as G(W,~u) ∼ eF (z,v,~u), where
F (z, v, ~u) = −M ′z +
W∑
k=1
ln K˜(uk + v − kz). (11)
The variables z = z(~u), v = v(~u) are determined from the
saddle-point equation ∂zF (z, v, ~u) = ∂vF (z, v, ~u) = 0,
and the funtion K˜(x) is dened by
K˜(x) =
∞∑
d=−∞
K(|d|)edx. (12)
We assume that this sum exists, as it does for the ase (6).
From the denition of G(W,~u), 〈dk〉 = ddukF (z, v, ~u)|~u=0.
The symmetry of the averaged peak implies that 〈dk〉 =
−〈dW−k〉 and hene z = (2/W )v. We obtain
〈dk〉 = K˜ ′(x)/K˜(x)
∣∣∣
x=v(1−2k/W )
. (13)
3In addition, from the onservation law
∑
k k 〈dk〉 = −M ′
we have for large systems
1
2v2
∫ v
0
xK˜ ′(x)
K˜(x)
dx =
1
w2
, (14)
where we dened the redued extension w ≡ W/√M ′.
Now, sine lnZc(W ) ∼= F (2v/(w
√
M ′), v,~0), we an
rewrite Eq. (8) as a funtion of v:
lnP (W (v))√
M ′
= −w lnλmax−2v
w
+
w
v
∫ v
0
ln K˜(x)dx, (15)
having in mind that w is not an independent variable
but is bound to v through Eq. (14). Taking the deriva-
tive with respet to v we nd after some alulations that
P (W ) has a maximum for v0 = K˜
−1(λmax). The orre-
sponding width W = w0
√
M ′ of the ondensate an be
determined from Eq. (14) by alulating w0 numerially.
Sine w0 is independent of the system size, we have thus
shown that W ∼
√
M ′ ∼
√
N . A detailed disussion will
be presented elsewhere [12℄.
To alulate the envelope of the ondensate, it is on-
venient to dene h(t) ≡ 〈mn〉 /
√
M ′ in a resaled variable
t = 2n
w0
√
M ′
−1, whih removes the dependene on the sys-
tem size. In Fig. 1 we show that the Monte Carlo (MC)
data points, obtained for dierent sizes, ollapse onto a
single urve that looks like a parabola. To alulate it
analytially, we note that 〈mn〉 =
∑n
k=1 〈dk〉. Changing
the summation into integration, we obtain
h(t) =
w0
2v0
ln
K˜(v0)
K˜(v0t)
. (16)
For the speial ase of Eq. (6), one obtains
h(t) =
w0
2v0
ln
(
coshJ − cosh v0t
coshJ − cosh v0
)
, (17)
with w0, v0 being funtions of the parameters J, U . The
formula for v0 is partiularly simple, v0 = J − J0. The
omparison between Eq. (17) for J = U = 1, whih gives
v0 = 0.5413 and w0 = 2.2005 (from Eq. (14)), and MC
simulations in Fig. 1 shows a very good agreement.
Extension dierent from
√
N  So far we onsid-
ered the situation whih, in the language of the SOS
model, orresponds to interations between neighboring
sites whih deay rapidly with the dierene of heights,
and the pinning potential ln p(m) loalized near zero.
In this ase, the extension sales generially as ∼
√
N .
We will show now that the exponent α in the extension
W ∼ Nα an be tuned to α 6= 1/2 for the following hoie
of the weight funtions: K(x) ∼ e−xβ and p(m) ∼ e−mγ
with β, γ > 0. Suh weights translate to the SOS en-
ergy E =
∑
i |mi − mi−1|β + mγi . The exponent γ = 1
orresponds to a onstant, e.g., a gravitational eld [11℄
ating on the envelope, while γ < 1 and γ > 1 orre-
sponds to some attrative fore, dereasing or inreasing
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Figure 1: Comparison between the envelope of the ondensate
from Eq. (17) and resaled MC data for the weights (6) with
J = U = 1 for N = 1000, ρ = M/N = 1 and 3 (irles,
squares) and N = 4000, ρ = 1, 3 (diamonds, triangles).
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Figure 2: (olor online) Phase diagram for K(x) ∼ e−x
β
and
p(m) ∼ e−m
γ
. The exponent αrect = (β − γ)/(β − γ + 1)
for retangular and αsmooth = (β − γ)/(2β − γ) for smooth
ondensates. The dotted lines show α = 0.05, 0.1, . . . , 0.45
(from left to right).
with m, respetively. Although the series (12) is on-
vergent, limm→∞ p(m) → 0, so that we annot use the
previous method. However, we an proeed as follows.
From the ondensation riterion we obtain that for γ > 1
there is no ondensation. The ondensate emerges above
some ρc only for γ < 1, the value of β does not matter.
If the ondensate was loalized at a single site, its sta-
tistial weight would be P1 ∼ NcN−1p(N)K2(N). Here
c stands for the ontribution of bakground sites. For a
two-site ondensate, both sites will be almost equally o-
upied beause every dierene ǫ is suppressed as K(ǫ),
and we have P2 ∼ NcN−2K2
(
N
2
)
p2
(
N
2
)
. We thus ob-
tain lnP1/P2 ≈ −cβNβ + cγNγ with some onstants
cβ, cγ > 0 for γ < 1. This means that for γ > β, the
ratio P1/P2 → ∞ as N → ∞ and the ondensate is lo-
alized. However, for γ < β, the ontribution from the
two-site ondensate is larger. Similarly, one an show
that the ontribution Pn for an n-site ondensate grows
with n, so the ondensate must be extended. Denoting
by P (W ) the probability for an extension W , we an
estimate lnP (W ) as follows, dropping inessential on-
stants. First, there is a negative −W term that aounts
for the W exluded bakground sites (f. Eq. (8)). An
analogous term omes from utuations (we assume that
4the entropy is additive). Seond, every site in the on-
densate ontributes as p(N/W ) (beause M ′ ∼ N), so
there is a −W (N/W )γ term. The third term omes from
the weight fator K(x) and depends on the ondensate
shape. As originally suggested by numerial experiments,
we only have to distinguish two types (see below). For
shapes with a smooth envelope h(t), the ontribution is
∼W
∫
lnK(2Nh′(t)/W 2)dt ∼ −W (N/W 2)β , (18)
while for a retangular shape, where h(t) has a disonti-
nuity at the borders, the ontribution is
∼ 2 lnK(N/W ) ∼ − (N/W )β . (19)
Taking all terms together, the extension W follows by
searhing the maximum of the larger of the two values
P (W ):
lnPsmooth ∼ −W −W (N/W )γ −W
(
N/W 2
)β
, (20)
lnPrectangular ∼ −W −W (N/W )γ − (N/W )β . (21)
AssumingW ∼ Nα, this gives αrect = (β−γ)/(β−γ+1)
for the retangular, and αsmooth = (β−γ)/(2β−γ) for the
smooth ondensate, respetively, a non-trivial exponent
that reminds of nite-size saling at seond-order phase
transitions. Mixed shapes, partially smooth but with
some disontinuities, would give a ontribution whih is
always smaller than the larger value of Eqs. (20) and
(21). Thus we an have only these two types of extended
shapes, and a loalized one, depending on the values of
β and γ. In Fig. 2, we present the full phase diagram.
A similar reasoning an be applied to other weight
funtions. For instane, for K(x) ∝ x−ν (long-range in-
terations) and p(m) = eUδm0 , the orresponding proba-
bilities are
lnPsmooth ∼ −W − νW ln(N/W 2), (22)
lnPrectangular ∼ −W − ν ln(N/W ), (23)
and the latter probability is always larger, provided that
W ≈ const, so the shape turns out to be always retan-
gular. Similarly to nite-size saling at rst-order tran-
sitions, the height sales with N , while the width stays
approximately onstant, orresponding to a orrelation
length for rst-order transitions that stays nite. For
another hoie, K(x) ∝ x−ν and p(m) ∝ m−b, one an
show that the ondensate emerges only if b > 0 and
ν > 1−b/2, as follows from Eq. (4), applied to the eigen-
vetor φm ∼ m−b/2−ν . If the ondensate exists, it is
always loalized, beause the ratio P1/P2, alulated as
before, behaves as ∼ N b and grows to innity for b > 0.
Even if one performs the sum over the dierene ǫ in o-
upation numbers, P1 is still larger than P2 by a fator
of at least N b/2. Details are postponed to Ref. [12℄. In-
terestingly, from experimental observations of the shape
and the saling of the width with the system size, one
an trae bak the lass of hopping interations that are
ompatible with the observations.
To summarize, we have shown that a ondensate whih
emerges in a PFSS as a result of spontaneous symmetry
breaking, an be either extended or loalized, depending
on the ompetition between loal and ultraloal inter-
ations, and that its extension and the envelope an be
alulated analytially. Let us lose the paper with a re-
mark on possible appliations. When atoms ondense on
a rystal surfae, they an migrate and build extended
islands. As experiments on the deposition of lusters [13℄
or fabriation of quantum dots [14℄ show, the islands an
be extended in the diretion perpendiular to the sur-
fae. It would be interesting to hek if the PFSS model
ould be used to predit shapes and typial sizes of is-
lands of atoms obtained in this way. Also problems like
mass transport on arbitrary networks ould be addressed
within the PFSS formalism.
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